Some algebra for ringdown
measurements

E. Hall, A. Staley
December 18, 2014

We begin with the equations in Isogai et al.! with a modification for m;:

m; = Ry(Py + Py)

my = PoKT}R,

ms = PoK[R}> — RY*(T, + R)|’ + P,
my = 1/2,
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with t/2 = —1/[ fesg In(R1Ry)] and K = 1/[1 — (R1R2)1/2]2. We want to find an expression for T in
terms of known quantities. By assuming a value for R,, we can use my to fix the values of K and R;.

Further, using P; = m;/R; — Py, we have

my = PoKTiR,
ms = PoK[R}> — RY*(T) + R)|> + mi /R, — P,
= PoK[Ry — 2(RiRy)'*(T1 + Ry) + Ro(Ty + R)*] + my /Ry — Py
= T,?;z [R — 2(R1R2)1/2(T1 + Ry) + Ry(T, + Rl)z] +my /Ry — KT]2R2
=  mRT} = my[R; — 2(RiRy)"*(Ty + Ry) + Ro(T + Ry)’] + mi(Ro/R)TT — my /K
= my[R, — 2R}*R)” + RyR? — 2R\’ R)*T + 2R\ R, T} + R, T}]
+m(Ry/R)TT = my/K
= 0= (-my+my+m/R)RT} +2my(RiRy — RY*RY*)T,
+my(R, — 2R*RY* + RIR, — 1/K)
= [1+m;/(myRy) — m3/my]R T + 2(R1 R, — RYPRY)T,
+Ri(1-R/*RY?) - 1/K.

Since this equation is quadratic in T, the solution is straightforward.
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