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Abstract

We describe a technique to estimate the coherence of a target signal with a set of correlated
auxiliary channels. This is an extension of the more common two-channel magnitude square
coherence.

1 Multi-channel coherence

Let y(ω) be the target channel, which is assumed to be a linear combination of a set of auxiliary
channels xi(ω) plus some uncorrelated additive noise n(ω):

y(ω) =
N

∑
i=1

αi(ω)xi(ω)+n(ω) (1)

where the coupling coefficients αi(ω) are unknown and frequency dependent. We allow the auxil-
iary channels xi(ω) to be correlated with each other, but uncorrelated with the additional noise in
the target signal.

The task at hand is to find how much of the target signal y(ω) can be attributed to a linear com-
bination of the auxiliary channels xi(ω), without over-couting due to the cross correlations in the
auxiliary channels.

Let S[a,b] be the cross-spectral density (CSD) of the two signals a and b. It can be computed for
example with the well known Welch method. In general, the CSD has the following properties:

S[a+b,c] = S[a,c]+S[b,c]
S[a,b] = S∗[b,a]

S[α(ω)a,b] = α
∗(ω)S[a,b]

where a,b and c are signals, ∗ indicates complex conjugation and α(ω) is a generic transfer func-
tion. The cross spectral density is in generale a function of frequency ω.

The power spectral density (PSD) of the target signal is given by:

S[y,y] = S[
N

∑
i=1

αi(ω)xi(ω)+n(ω),
N

∑
j=1

α j(ω)x j(ω)+n(ω)]

=
N

∑
i=1

N

∑
j=1

α
∗
i (ω)S[xi,x j]α j(ω)+S[n,n]

where we used eq. 1 and the fact that the auxiliary signals are uncorrelated to the additive noise, so
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that S[xi,n] = 0. We can rewrite the last equation in matrix form with the following definitions:

A =

α1(ω)
...

αN(ω)


SX =

S[x1,x1] S[x1,x2] . . . S[x1,xN ]
...

... . . . ...
S[xN ,x1] S[xN ,x2] . . . S[xN ,xN ]


Note that SX is a Hemitean matrix: SX

H = SX where H indicate the operation of transposition and
complex conjugation. Using this notation, the target signal PSD is simply:

S[y,y] = AHSXA+S[n,n] (2)

The CSD of the target signal with one of the auxiliary channels can be written as

S[y,xi] =
N

∑
i=1

α
∗
i (ω)S[xi,x j] (3)

and in vector notation

SY = (S[y,x1], . . .S[y,xN ])

SY = AHSX (4)

Given the time series of y and xi, we can estimate both the vector SY and the matrix SX. We can
then solve eq. 4 for the unknown coefficients αi(ω):

A = SX
−1SY

H (5)

and we can substitute this result into eq. 2 to get:

S[y,y] = S[n,n]+SYSX
−1SY

H (6)

We finally define the multi channel coherence as the following measurement of the fraction of the
target signal PSD that can be explained with a linear combination of the auxiliary signals:

C(ω) =
S[y,y]−S[n,n]

S[y,y]
=

SYSX
−1SY

H

S[y,y]
(7)

In general, since the auxiliary channels can be strongly coupled, one cannot ask which of them is
the largest contribution to the noise. However, it makes sense to find which is the combination of
channels that contributes most at a given frequency. One way to do this is to diagonalize the CSD
matrix SX at each frequency. This is in general possible, since this matrix is Hermitian:

SX(ω) = U(ω)D(ω)U(ω)−1 (8)
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where D is the diagonal matrix of the eigenvalues Di(ω) of SX. We can then rewrite the total multi-
channel coherence of eq. 7 as a sum of terms, each one giving the contribution to the coherence
from a linear combination of the auxiliary channels that corresponds to one of the eigenvectors:

C(ω) =
1

S[y,y]

N

∑
i=1

|(SY(ω)U(ω))i|
2

Di(ω)
(9)

where we used that SY(ω)U(ω) is a vector and used the subscript i to indicate the i-th component.
Additionally, each column of the matrix U(ω) gives the coefficient of the linear combination of the
auxiliary channels corresponding to the i-th contribution to the multi-channel coherence.

A MATLAB code

f u n c t i o n [ c , A, f r , U, e , ccum ] = m u l t i c o h e r e n c e ( y , X, npp , f s )
% I n p u t :
% y = t a r g e t c h a n n e l
% X = m a t r i x o f a u x i l i a r y c h a n n e l ( one per row )
% npp = number o f p o i n t s f o r FFT c o m p u t a t i o n
% f s = s a m p l i n g f r e q u e n c y
%
% Outpu t :
% c = m u l t i−c h a n n e l t o t a l c o h e r e n c e
% A = r e c o n s t r u c t e d c o u p l i n g c o e f f i c i e n t s ( f r e q u e n c y d e p e n d e n t )
% f r = v e c t o r o f f r e q u e n c y v a l u e s
% U = m a t r i x t h a t d i a g o n a l i z e t h e c r o s s s p e c t r a l d e n s i t y m a t r i x o f
% t h e aux c h a n n e l s
% e = e i g e n v a l u e s o f t h e c r o s s s p e c t r a l d e n s i t y m a t r i x o f t h e
% aux c h a n n e l s
% ccum = c o n t r i b u t i o n s o f each e i g e n v e c t o r t o t h e
% m u l t i−c h a n n e l c o h e r e n c e

%% compute m u l t i c o h e r e n c e and c o e f f i c i e n t e s t i m a t e s
N = s i z e (X , 1 ) ;
% compute c r o s s−s p e c t r a l−d e n s i t i e s
SX = z e r o s (N, N, npp / 2 + 1 ) ;
SY = z e r o s ( npp / 2 + 1 ,N ) ;
f p r i n t f ( 2 , ’ Computing CSD m a t r i x \n ’ ) ;
f o r i =1 :N

f p r i n t f ( 2 , ’\ r%d/%d ’ , i , N ) ;
SY ( : , i ) = cpsd (X( i , : ) , y , hann ing ( npp ) , npp / 2 , npp , f s ) ;
f o r j = i :N

SX( i , j , : ) = cpsd (X( j , : ) , X( i , : ) , hann ing ( npp ) , npp / 2 , npp , f s ) ;
SX( j , i , : ) = conj (SX( i , j , : ) ) ;

end
end
[ Syy , f r ] = pwelch ( y , hann ing ( npp ) , npp / 2 , npp , f s ) ;
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% s o l v e f o r c o h e r e n c e and c o e f f i c i e n t s
f p r i n t f ( 2 , ’\nComputing m u l t i c o h e r e n c e \n ’ ) ;
c = z e r o s ( npp / 2 + 1 , 1 ) ;
A = z e r o s (N, npp / 2 + 1 ) ;
U = z e r o s (N, N, npp / 2 + 1 ) ;
e = z e r o s (N, npp / 2 + 1 ) ;
ccum = z e r o s (N, npp / 2 ) ;
f o r i =1 : npp /2+1

%A ( : , i ) = s q u e e z e ( SX ( : , : , i ) ) \ SY ( i , : ) ’ ;
A ( : , i ) = pinv ( s q u e e z e (SX ( : , : , i ) ) ) ∗ SY( i , : ) ’ ;
c ( i ) = (SY( i , : ) ∗ A ( : , i ) ) / Syy ( i ) ;
[U ( : , : , i ) , ee ] = e i g ( s q u e e z e (SX ( : , : , i ) ) ) ;
e ( : , i ) = diag ( ee ) ;
ccum ( : , i ) = abs (SY( i , : ) ∗ s q u e e z e (U ( : , : , i ) ) ) . ˆ 2 . / e ( : , i ) . ’ / Syy ( i ) ;

end
% remove s m a l l i m a g i n a r y p a r t due t o n u m e r i c a l e r r o r s
c = r e a l ( c ) ;

end
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