Why is the AST2 signal insensitive to linear order longitudinal
motions?
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1 Longitudinally unperturbed fields

We consider a coordinate system rotating at exp(—2mifpt) where fy is the main carrier
frequency. We further set the real and imaginary axes in such a way that the main carrier
field is always real-positive, and we implicitly imply each field’s temporal variation with a
subscript, i.e., By, = |Ey, |exp (—2mifst).

In this note we keep track of 5 fields, the carrier, and the upper and lower 45 and
118 MHz sidebands. Note that the RF propagation phase will only rotate the upper and
lower sidebands symmetrically about the imaginary axis. This is also true for the cavity
filtering when the carrier is exactly on-resonance or anti-resonance; the phase delay to
the upper and lower sidebands will be symmetric about the imaginary axis, while the
amplitude attenuation will be the same for the upper and lower sidebands. Therefore, we
can generically write

E. = Ac, (1)
E 45 = ags +ibss,  E_45 = —ays + ibys, (2)
Ei118 = an1g +ib11s, E_118 = —a118 +ib11s, (3)

where the fields (F) are complex and a,b € R. See also Fig. 1.

Consider the AS45 signal first. This is derived from a traditional 1f PDH pair where
we expect the power vanishes exactly at 45 MHz, P;5; = 0. Mathematically this can be
seen as the following,

Py5 = Re [Sy5 exp(—igdma)] , (4)
where Py5 is the demodulated power at 45 MHz and ¢4qmq the demodulation phase. The
quantity Sy5 € C is given as

Sus = B Ey5 + EE” 5,
= ac(ass + ibss) + ac(—ass — ibys) = 0. (5)
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Figure 1: Phase diagram of the fields we consider in this note. The carrier field is placed
along the positive real axis. The upper and lower RF sidebands are symmetric about the
imaginary axis. A small longitudinal /phase perturbation on the 45 MHz RF sideband will
create a non-vanishing beat note with the carrier field. However, the symmetrical axis of
this perturbation field (along the real axis) is orthogonal to the symmetrical axis of the
118 MHz RF sideband (along the imaginary axis), and thus the beat note between these
fields at 72 MHz will vanish identically zero, as perfect cancellation will happen after taking
complex conjugation and summing signals together. See the text for a more rigorous proof.



This is exactly why a WF'S signal derived from a 1f PDH pair will be insensitive to spot
position.

On the other hand, the AS72 signal is effectively a 2f optical lever signal. This is a
sideband-beating-sideband signal and is intrinsically different from the 1f carrier-beating-
sideband signals such as the AS45. It further means that it has a non-vanishing power at
72 MHz, as

P75 = Re [S72 exp(—iddmd)] » (6)
with

Sro =E35FE118 + E_45E” (13,
=(a45 — 1bss)(a118 + ib118) + (—aas + ibas)(—ai1s — ib11g),
=2 [(assa118 + basbi1g) + i(assb118 — basaiig)] # 0. (7)
2 Small longitudinal /phase detuning

For small longitudinal detuning, it generates phase sidebands to the unperturbed fields, as

5Ec = i(z)caw (8)
OE 45 = i¢a5045 — ¢a5bas, 0E_45 = —iga5a45 — Pa5bas, 9)
0F 118 = ip118a118 — ¢118b118, 0E_118 = —ig118a118 — P118b118, (10)

where we have used ¢y € R to denote the phase detuning for a specific field at frequency
I

Again we first consider the traditional 1f PDH signal AS45. We can decompose the
detuned signal 0545 into two parts, (551(1(;45) = E}0Es5 + EOE” ;5 denoting the perturbed
45 MHz sidebands beating the unperturbed carrier, and 655;;6) = (0E.)"Eys + (0E.)E* 45.
We thus have

6 * *
5S4 = E*§Ey; + ESE* 5,
= 2ac(—¢asbas + idasass), (11)
and similarly for the 554%6) term. This is why a 1f PDH signal can be used to sense

longitudinal fluctuations.
However, the 2f oplev signal such as AS72 (and AS36) will not see this perturbation



to the linear order. We can write §S72 = 65%45) + 55%118), where

588 = (§E45)*Eris + (SE—_45)E* 115,
= (—asbas — ipasa45)(a118 + 1b118) + (—Pasbas — idasa45)(—aiis — ib11s),
= ¢u5 [(—54561118 + as5b118) + i(—assa118 — basbiig)
+ (basai1s — aasbiig) + i(assaiis + basbiig)
~0. (12)

Similarly, it is easy to show that 55%118) = 0.

Consequently, the AS72 signal is insensitive to the longitudinal perturbation to the lin-
ear order.



